GAMES AND LEBESGUE MEAUSURABILITY

CHRISTIAN ROSENDAL

Theorem 1. If all games on N are determined, then all sets of reals are Lebesque
measurable.

Proof. Instead of Lebesgue measure on R, we shall work with the equivalent sit-
uation of Lebesgue measure p on 2V, i.e., the unique Borel measure such that
w(Ng) = 2715l for all s € 2<N. We denote by u, and pu* the corresponding inner
and outer measures defined for all subsets A C 2 by

pix(A) = sup{u(B) | B C A & B is Borel },
and

p*(A) = inf{u(B) | AC B & B is Borel }.
Now fix A C 2N, To see that a set A is Lebesgue measurable, we need to show that
iy (A) = p*(A) or equivalently that for all » € QN]0, 1[, we have

pi(A) =2 r e p(A) >
So fix such an r and define a game G, (A) between two players I and II as follows:
I ho ha ho hs

I io i o is ...
Here i, € {0,1} and h,: {0,1} — QN [0,1]. Moreover, the h,, are subject to the
conditions Ay, (i) < zarr, ho(0) + ho(1) =7, and Ay 1(0) + Apy1(1) = hy (i), while
the i,, are subject to hy(i,) > 0. The outcome of an infinite run of the game is the
infinite binary sequence x = (ig, i1, 12,...) € 2%, and we say that I wins the game
in case x € A. If not, IT wins the game.

Claim 2. If I has a winning strategy in G,.(A), then p.(A) > r.

Proof. Suppose o is a winning strategy for I in G,(A). We define a pruned tree T
on 2 such that [T] C A and u([T]) = r, from which u.(A4) > r follows. TN 2" is
defined by induction on n along with an auxiliary function ¢ from 7' to the set of
positions in G, (A):
e )T and ¥(0) =0,
e Suppose s = (ig,41,--.,in—1) € T and
w(s) = (h077;07 hlvih LR ) hnflainfl) co
has been defined. Then if A, is such that
(ho, io, hl, il, ceey hn—la in—la hn) € o,
we let si € T if and only if h,(7) > 0, in which case we set
,(/)(SZ) = (h07 iOa hla ila ey hn71> Z'nfl; hn; ’L)
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We now see that if z € [T], then ¥(0) C ¢(z|1) C ¢(z]2) C ... is a coherent
sequence of positions in G,.(A) in which I has played according to o with outcome
x. So, as o is winning for I, z € A, which shows that [T] C A.

Also, as T is pruned, we have [T] " Ny # 0 < s € T. Therefore, by outer
regularity of p and compactness of [T], to see that u([T]) > r it is enough to show
that

|T N 27
27L

=T

)

for all n € N.

So to verify this, if s € T with ¥(s) = (ho,i0, 1,41, -, An—1,in-1), we let
8(s) = hyp—1(in—1). Then we see that > _pnon 0(s) = 7 and 6(s) < 5 for all
s €T Nn2". It follows that

|T N2 S,
2"1 = b

for all n € N. O

Claim 3. If IT has a winning strategy 7 in G,.(A), then p*(A) < r.

Proof. We show that for any ¢ > 0, u*(A) < r + e. Again, for this, we define a
pruned tree T on 2 such that [T]N A =0 and pu(~ [T]) <r+e T N2" is defined
by induction on n along with an auxiliary function ¢ from T to the set of positions
in G, (A) and a real valued function § defined on all si for s € T and i = 0, 1.

e First put @ € T and set ¥ (0) = 0.
e Now, suppose that s = (ig,1,...,ip—1) € T and

¥(s) = (ho,io, P1yi1y -y Rne1,in—1) €T
has been defined. For ¢ = 0,1, if there is some h such that
(ho,i0, M1y, -y Ap—1,in—1,h, 1) € T,
we let
§(si) = inf(h(i) | (ho,io, h1,i1,. .., hn—1,in—1,h,i) € T),
and otherwise set d(si) = 2"*1. Then, by checking cases, one verifies that
5(s0) +6(s1) < hp—1(in—1)

or 0(s0) + d(s1) < r in case s = 0.
Now put si € T'if and only if §(si) < 2”1 and in this case let

Y(si) = (ho,i0, 1,01,y A1, 0n—1, N, 1)
for some h such that h(i) < 0(si) + g5 and
(hos i, Btyits o Botyin1, hyd) € T
This finishes the construction of 7.
Now, define f: 2<N — [0,1] by f(#) = r and for s € T with
¥(s) = (ho,io, h1,yi1s -y hn—1,0n-1),

let f(s) = hp—1(in—1), while for s ¢ T, f(s) = 2‘13‘ .
Then for s € T N2"

f(s0) + f(s1) < 6(s0) +

€
m +5(Sl) +
2e
= f(s) + YIS

4n+1
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while for s € 2"\ T,
1 1 1 2¢
f(80)+f(81) = W+W = 27 < f(8)+ i
As in the proof of Claim ??, we see that [T] C~ A. Also, by induction on n, one
sees that

ST A <FO) +e=rte

se2m
But since for all s, f(s) > 0 and f(s) = 55 whenever s ¢ T, it follows that

2"\T
EAEI

for all n € N and hence p*(A) < u(~ [T]) <r+e. O

Thus, if every game G, (A) is determined, we see that for every rational number
0 < r < 1, we have either u*(A) < r or r < p(A) from which it follows that
e (A) < pe(A). O



